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1. INTRODUCTION
 4Let a be a null sequence of complex numbers. Setn n1
  
in xf x  a cos nx , g x  a sin nx , h x  a e .Ž . Ž . Ž .Ý Ý Ýn n n
n1 n1 n1
1.1Ž .
  Ž .In 8, 9 , Hardy proved that if a 0, 0  1, and l 1, then 1.2 isn
Ž . Ž . Ž . Ž .equivalent to any of 1.3  1.4 , where 1.2  1.4 are
a  An l n as n  , 1.2Ž . Ž . Ž .n

1 f x  Ax l 1x  1  sin as x 0 , 1.3Ž . Ž . Ž . Ž . Ž .
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
1 g x  Ax l 1x  1  cos as x 0 , 1.4Ž . Ž . Ž . Ž . Ž .
2
h x  Ax1l 1x  1  eŽ12. iŽ1 . as x 0 . 1.5Ž . Ž . Ž . Ž . Ž .
 As 16, p. 4 indicates, the series defining f , g, h actually converges on
  1 0 x   and f , g, h	 L  , . From now on, we shall assume this
Ž . Ž .property whenever we mention 1.3  1.5 . The same consideration will be
Ž .taken for 1.7 , which is given later. Hardy’s result was extended by many
     mathematicians, such as Aljancic et al. 1 , Bingham 2 , Boas 4 , Bojanicˇ´ ´
     and Karamata 5 , Hardy and Rogosinski 10 , Heywood 11 , Nurcombe
        Ž    13 , Vuilleumier 14 , Yong 15 , and Zygmund 16 cf. 3 and 4 for
.  references . In 13 , Nurcombe also considered the series

f x  a cos nx 1 1.6Ž . Ž . Ž .Ýc n
n1
Ž . Ž .and established the equivalence between 1.2 and 1.7 for the case in
 4which a is a quasimonotone sequence, 1  2, and l 1:n n1

1 f x  Ax l 1x  1  sin as x 0 . 1.7Ž . Ž . Ž . Ž . Ž .c 2
In this paper, we try to extend Hardy’s result from monotone to O-regu-
larly varying quasimonotone sequences. The details are given below.
 . Ž .THEOREM 1.1. Let 0  1 and l : 0,  0, be slowly arying.
Ž .  4i If A	, l is quasimonotone, and a is O-regularly aryingn n1
Ž . Ž . Ž .quasimonotone, then 1.2  1.3  1.5 .
Ž .  4ii Conersely, if A	 and a is a real regularly arying quasi-n n1
Ž . Ž .monotone sequence, then 1.3  1.2 . The same result remains true, pro-
Ž . Ž . Ž .ided 1.3 is replaced by either 1.4 or 1.5 .
 The subject of regular variation was initiated by Karamata 12 . We refer
 the reader to 3 for the definitions and properties of different types of
 regular variation. As defined in 7 , set a  a  a . We say thatn n n1
 4  .a is O-regularly varying quasimonotone if there exist a  	 0,2n n1 0
 Ž .4and an O-regularly varying nondecreasing sequence R n such thatn1
the following relation holds:
an
  	 K   z	 : arg z   for all n
 1. 4Ž .0 0½ 5R nŽ .
 Ž .4  4If R n is regularly varying, we shall call a a regularly varyingn1 n n1
 Ž .4quasimonotone sequence. Furthermore, if R n is regularly varyingn1
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  Ž .4  4and n R n is nonincreasing for some positive integer n , a isnn 0 n n10
said to be -regularly varying quasimonotone. Obviously, quasimonotone
sequences are -regularly varying quasimonotone sequences for some

 0.
 Theorem 1.1 extends 13, Theorem 1 from quasimonotone to O-regu-
larly varying quasimonotone sequences, and expands it from l 1 to
 Ž . 4general l. As proved in Lemma 2.1, the sequence l n n , with ln1
quasimonotone slowly varying, is O-regularly varying quasimonotone.
Ž .  Therefore, the conclusion i of Theorem 1.1 extends 3, Theorem 4.3.2
 Ž . Ž .from a  n l n to the case 1.2 , and consequently it generalizes then
 corresponding results in 1; 5; 10; 15; and 16, Theorem V.2.6 .
 . Ž .THEOREM 1.2. Let 1  2 and l : 1,  0, be slowly arying.
Ž .  4i If A	 and a is O-regularly arying quasimonotone, thenn n1
Ž . Ž .1.2  1.7 .
Ž .  4ii Conersely, if A	 and a is a real -regularly aryingn n1
Ž . Ž .quasimonotone sequence for some , then 1.4  1.2 . The same result
Ž . Ž .remains true, proided 1.4 is replaced by 1.7 .
Ž .Set  1 	. Then 1  2 0 	 1. Moreover, by  1 	
Ž . Ž .	  	 , we see that 1.7 is the same as
A 	
	 f x  x l 1x  1 	 cos as x 0 . 1.7*Ž . Ž . Ž . Ž . Ž .c 	 2
 Hence, the combination of Theorem 1.2 and 3, Proposition 4.3.1a gener-
 alizes 13, Theorem 2 .
From Theorems 1.1 and 1.2, we can derive the following equivalences
 4for the case that A	, l is quasimonotone slowly varying, and a isn n1
a real -regularly varying quasimonotone sequence:
1.2  1.3  1.4  1.5 0  1 ,Ž . Ž . Ž . Ž . Ž .
1.2  1.4  1.7 1  2 .Ž . Ž . Ž . Ž .
It is unknown whether such a result still holds for O-regularly varying
quasimonotone sequences. This problem is unsolved even for the case
Ž  l 1. Note that the example given in the proof of 13, Theorem 3 is not
. O-regularly varying quasimonotone. On the other hand, as 3, Theorem
 Ž . Ž .4.10.1 indicates, any of 1.3  1.4 will ensure the validity of the asymp-
totic relation
n
1a  An l n  1  as n  . 1.8Ž . Ž . Ž . Ž .Ý k
k1
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Ž . Ž .This relation will imply 1.2 for some cases cf. the same reference .
Ž . Ž .However, it is still unknown whether 1.8 can be reduced to 1.2 for
O-regularly varying quasimonotone sequences. In the following theorem,
we shall answer this in the negative. Our result generalizes 13, Theo-
rem 3 .
 . Ž .THEOREM 1.3. Let Re A 0, 0  1, and l: 0,  0, be
quasimonotone slowly arying. Then there exists an O-regularly arying quasi-
 4monotone null sequence a such thatn n1
Ž .  4i a is of bounded ariation;n n1
Ž . Ž . Ž . Ž .ii 1.3  1.5 and 1.8 hold;
Ž .   Ž .4 Ž .iii n a l n is bounded and dierges, and consequently 1.2n n1
fails;
Ž . Ž .iv all series in 1.1 are the Fourier series of their limit functions f , g,
and h, respectiely;
Ž .v if A 0, then all a are positie.n
Ž . Ž .Such an example still exists for the case 1  2, proided i  v are
Ž . Ž . Ž . Ž . Ž .replaced by i , ii* , iii , iv* , and v :
Ž . Ž . Ž .ii* both of 1.4 and 1.7 hold;
Ž . Ž . Ž .iv* the second series in 1.1 and the series in 1.6 are the Fourier
Ž .series of their limit functions g and f x , respectiely.c
2. PRELIMINARIES
 . Ž .LEMMA 2.1. Let  0 and l: 0,  0, be quasimonotone slowly
 Ž . 4arying. Then l n n is O-regularly arying quasimonotone.n1
 Proof of Lemma 2.1. By 3, Theorem 1.5.5 and Corollary 2.7.4 , there
 Ž . Ž .exists a positive integer x such that x l x 
 x is nonincreasing on 1
 x
 x , where 
 is given in 3, Corollary 2.7.4 . Choose a positive 1
 Ž .4 Ž .sequence R n such that R 1  1 andn1
n l nŽ .
R n 
max R n 1 , R n 1 1 n x ,Ž . Ž . Ž . Ž . ž /n 1 l n 1Ž . Ž .
R xŽ .
R n  
 n n x .Ž . Ž . Ž .1 
 xŽ .1 
 Ž .4Then R n is an O-regularly varying nondecreasing sequence andn1
  Ž . Ž .4  Ž . 4n l n R n is nonincreasing. Thus, l n n is O-regularlyn1 n1
varying quasimonotone.
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 . Ž .  4LEMMA 2.2. Let  0, l: 1,  0, be slowly arying, and an n1
Ž  Ž ..  4be O-regularly arying quasimonotone. If a O n l n , then a is ofn n n1
bounded ariation and there exists  0 such that
   l n k aŽ . k
 a   sup n
 1 . 2.1Ž . Ž .Ý k ½ 5ž /n l kŽ .k
nkn
 Proof of Lemma 2.2. Following the proof of 7, Theorem 4.2 , we get
 
2   a M Re a  2 M a , 2.2Ž .Ý Ýk n 2 n
kn 0
Ž .  where M is the constant defined by 4.4 in 7 with  2. We have
 Ž .4assumed that  0 and l n is slowly varying, so there exists an1
 2 Ž . Ž . 2positive integer m such that 2  l 2m l m  2 for all m
m .0 0
This implies
  l 2 nŽ . 2O l n 2 O l n . 2.3Ž . Ž . Ž .Ž .Ý Ý ½ 520 0
Thus,
       k a l 2 n l n k aŽ . Ž .k k
 a  sup O sup . 2.4Ž .Ý Ý 2 n  ½ 5ž / ž /l k n l kŽ . Ž .2 nŽ .k
n k
n0 0
Ž . Ž .Putting 2.2 and 2.4 together yields the desired result.
0 r r1 r1 r1 Ž .Let a  a and a  a  a  a r
 1 . We consider then n n 1 2 n
condition
A 1 Ž .
r r ra  p n  n l n  o n l n as n  ,Ž . Ž . Ž . Ž .Ž .n  r 1 Ž .
2.5Ž .
Ž . Ž . Ž .where p x is a polynomial of degree  r. For p x  0 and l x  1,
Ž .  Ž .Eq. 2.5 is the same as saying that a  An holds in the C, r sensen
Ž  . Ž . Ž . Ž .cf. 9 . On the other hand, 2.5 with r 1 and p x  0 reduces to 1.8 .
 The following result generalizes the corresponding results in 9, p. 442 and
 11, p. 375 .
 . Ž .LEMMA 2.3. Let A	, 	 , l: 1,  0, be slowly arying,
 4 Ž .and a be a real regularly arying quasimonotone null sequence. If 2.5n n1
Ž . Ž .holds for some r	 and some polynomial p x with degree min r 1, 1 ,
Ž .then 1.2 holds.
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Proof of Lemma 2.3. The proof will be carried out by modifying the
   one given in 9, pp. 442443 . By 7, Lemma 4.1 , a  0 for all n. If r 1,n
1r1 Ž . then a increases with n. Let 0  and  1  n . We haven 2
r Ž . Ž r Ž .. Ž . r Ž .lim  l   n l n  1  . By 2.5 ,n
A 1 Ž .
r1 r1 r1 r ra  a  a   l   n l n 4Ž . Ž .n1 n2   r 1 Ž .
 p   p n  o nr l n . 2.6Ž . Ž . Ž . Ž .Ž .
Ž . Ž Ž . Ž .. Ž . Ž .The hypothesis deg p x  1 implies p   p n   n  p n . Since
Ž . r1 r1 r1 r1 Ž . n a  a  a  a , 2.6 impliesn n1 n2 
rr1a  p n A 1  1   1Ž . Ž . Ž .n
lim sup r1 ½ 5 r 1  n l n Ž .Ž .n
 A 1    r  as  0.Ž . Ž .Ž .
r1 r1 Ž . Similarly, to estimate a  a with * 1  n , we find that* n
ŽŽ r1 Ž .. r1 Ž .. Ž . Ž Ž ..lim inf a  p n n l n 
 A 1    r  . There-n n
Ž . Ž . Ž .fore, 2.5 holds, provided we replace r by r 1 and p n by p n . The
Ž .induction on r tells us that we can assume r 1. In this case, p x  0.
 Ž .4  4Let R n be a regularly varying sequence associated with a .n1 n n1
 Ž .Then 7, Lemma 4.1 ii tells us that
R  R Ž . Ž .
a  a  a n   ,Ž . n nR n R nŽ . Ž .
Ž .Ž Ž . Ž ..which implies a  a  a   n R  R n a . Puttingn1 n2  n
Ž .this and 2.6 together yields
1a A R n 1   1Ž . Ž .n
lim inf 
 lim ž /n l n 1  R  n nŽ . Ž .
 A as  0.
Ž . Ž . Here we use the fact that lim R n R   1 as  0 . On then
 Ž .other hand, 7, Lemma 4.1 ii ensures that
R n R nŽ . Ž .
a  a  a *  n .Ž .n  R  R *Ž . Ž .
To estimate a  a , an argument similar to that above will lead* n
Ž  Ž ..us to lim sup a n l n  A, and consequently, the desired resultn n
follows.
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3. PROOFS OF MAIN RESULTS
Ž .  Proof of Theorem 1.1. Consider i . By Lemma 2.2 and 16, p. 4 , the
  1 series defining f converges on 0 x   and f 	 L  ,  x  4
Ž .  for all  0. Let c 1, m	, and 0 xmin  , cm . Set M cx .
Then

f x  A n l n cos nxŽ . Ž .Ý
n1
M 
 a  An l n cos nx  a cos nxŽ .Ž .Ý Ýn n
n1 nM1

 A n l n cos nxŽ .Ý
nM1
 S  S  S , 3.1Ž .1 2 3
1 1 1 Ž .say. We have mM, 1, and M  c x . By 1.2 and
 6, Theorem 6 , there exists C  0 such that
 mn an S  sup  A n l nŽ .Ý1 ž /ž /l nŽ .n
1 n1
 Mn an  sup  A n l nŽ .Ýž / ž /l nŽ .n
m nm1
n an1 1 1 C m l m  c sup  A x l M . 3.2Ž . Ž . Ž . ½ 5ž /l nŽ .n
m
Ž .  Ž . Denote by D x the nth Dirichlet kernel. Then D x  x andn n
Ž . Ž . Ž .2 cos nxD x D x . Employing the summation by parts, 2.1 willn n1
lead us to
1 1
       S  a D x  a D xŽ . Ž .Ý2 n n M1 M2 2nM1
     l M k aŽ . k
  a  supÝ n ½ 5ž /x x M l kŽ .k
1nM1
  k ak  1 2 c x l M sup , 3.3Ž . Ž .ž /l kŽ .k
1
where  is the constant given in Lemma 2.2. It follows from Lemma 2.1
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  Ž .4that n l n is O-regularly varying quasimonotone. This indicatesn1
Ž . Ž .  Ž .that 2.1 can apply to such a sequence. To replace a in 3.3 by n l n ,n
we get
 A
   1 S   n l n  2 * A c x l M , 3.4Ž . Ž . Ž .Ž .Ý3 x nM1
where * is a suitable constant. Choose c and m so large that c and
1   Ž . c sup n a l n  A are as small as possible. For such c and m,n
m n
Ž Ž . Ž .. 1 Ž . Ž 1 Ž .. lim l M l 1x  1 and m l m  o x l 1x as x 0 .x 0
Ž . Ž .From 3.2  3.4 , we obtain
S  o x1l 1x k 1, 2, 3 as x 0 . 3.5 4Ž . Ž . Ž . Ž .k
Ž . Ž .  Putting 3.1 , 3.5 , and 3, Theorem 4.3.2 together yields the asymptotic
Ž . Ž . 1 formula 1.3 . From 1.3 , f 	 L  , for some  0. This  x   4
1  Ž .leads us to f	 L  , . Replace D x by the nth conjugate Dirichletn
˜ Ž . Ž .kernel D x . We find that the above argument still works well for 1.4 .n
Ž . Ž . Ž . Ž . Ž . Ž .We have h x  f x  ig x , so 1.5 follows from 1.3  1.4 . This fin-
Ž .ishes the proof of i .
Ž .Next, we claim ii . To separate the real and imaginary parts, it suffices
Ž . Ž . Ž to consider the cases 1.3 and 1.4 . We have a 
 0 for all n see 7,n
.   Ž . Ž .Lemma 4.1 . By 3, Theorem 4.10.1 , 2.5 holds for r 1 and p x  0.
Ž .Applying Lemma 2.3 to this case, we get 1.2 . This completes the proof.
Ž .   Proof of Theorem 1.2. Consider i . Since 1  2, Ý a  . Thisn1 n
Ž .  implies that the series defining f x converges uniformly on  , andc
Ž . 1 that f x 	 L  , . We havec
 
 1n cos nx 1  x  1  sin 3.6Ž . Ž . Ž .Ý 2n1
Ž  .cf. 13, Theorem 2 . Let 0 a 1 b  and 0 x  . We have
   cosnx 1  nx. By 6, Theorem 6 , there exists C  0 such that
n l n  l 1x cos nx 1Ž . Ž . Ž .Ž .Ý
nax
 n1l n x n1 xl 1xŽ . Ž .Ý Ýž / ž /
nax nax
2 1   C a x l ax  l 1x . 3.7Ž . Ž .Ž .Ž .
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  Similarly, 3, Theorem 1.5.11 guarantees the existence of C such that
n l n  l 1x cos nx 1Ž . Ž . Ž .Ž .Ý
n
bx




 1 1   C b x l bx  l 1x . 3.8Ž . Ž .Ž .Ž .
Choose a small enough and b large enough so that the sums appearing in
Ž . Ž . Ž 1 Ž .. 3.7 , 3.8 are majorized in absolute value by o x l 1x as x 0 .
  For such a and b, 3, Theorem 1.5.2 implies that as x 0 ,
n l n  l 1x cos nx 1Ž . Ž . Ž .Ž .Ý
axnbx
 1 n l n  l 1x  o x l 1x . 3.9Ž . Ž . Ž . Ž .Ž .Ý
axnbx
Ž . Ž .Putting 3.6  3.9 together yields
 
 1n l n cos nx 1  x l 1x  1  sin . 3.10Ž . Ž . Ž . Ž . Ž .Ý 2n1
    Ž . Ž .We have cos nx 1  n x and 1 1. To replace f x by f xc
Ž . Ž .and cos nx by cos nx 1, the proof of 3.1  3.2 will give us

f x  A n l n cos nx 1  S  S  S 3.11Ž . Ž . Ž . Ž .Ýc 1 2 3
n1
and
n an2 2 1S  C m l m x c sup  A x l M .Ž . Ž .1  ½ 5ž /l nŽ .n
m
Ž .  By 1.2 and 3, Theorems 1.5.11 and 1.9.5 ,
  n ak  S  S  sup  A n l nŽ .Ý2 3 ž /ž /l kŽ .k
1 nM1
O M 1 l M O c1 x1l M .Ž . Ž .Ž . Ž .
We have 1   0. Choose c and m so large that c1 and
2   Ž . c sup n a l n  A are small enough. Then we getn
m n
S  S  S  o x1l 1x as x 0 .Ž . Ž .Ž .1 2 3
Ž . Ž . Ž .Putting this together with 3.10 , 3.11 yields 1.7 .
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Ž . Ž . Ž .It remains to prove ii . We assume that 1.4 holds. Set G x 
Ž . Ž .g x 2 sin x. Then 1.4 implies
A 
2 G x  x l 1x  1  cos as x 0 ,Ž . Ž . Ž . Ž .
2 2
which is the same as
A 	
	1 G x  x l 1x  1 	 sin as x 0 . 3.12Ž . Ž . Ž . Ž . Ž .
2	 2
Ž . 1 Here 	  1. We have 	 0, so 3.12 implies G 	 L  ,  x   4
1  1 for some  0. Putting this with g	 L  , yields G	 L  , .
Since G is even, its Fourier series is a Fourier cosine series. Set
2
b  G x cos nx dx n 0, 1, 2, . . . . 3.13Ž . Ž . Ž .Hn  0
Ž  .We have a  b  b cf. 16, Theorem IX.3.19 , which impliesn n1 n1
  Ž .b Ý a for n
 0. By 7, Lemma 4.1 ii , a 
 0 for all n, andn k0 n2 k1 n
 Ž .4so b 
 0 for all n. Let R n be a -regularly varying sequencen n1
 4   Ž .4associated with a . Then there exists n 	 such that n R nn n1 0 nn0 Ž . is nonincreasing. Multiplying n R n by n for some , we can
assume that  0. It is easy to check that
 




 n ; k
 0 .Ž .  0R n 2k 2Ž . n 2k 2 n 2Ž . Ž .
 Ž .4We know that a R n is nonincreasing. Hence, for n
 n ,n n1 0
b bn n1 
n 1 n 2Ž . Ž .
Ý a Ý ak0 n2 k1 k0 n2 k2  
n 1 n 2Ž . Ž .




a R n 2k 1 n 2Ž . Ž .n2 k1
 ž /½ R n 2k 1Ž . R n 2k 2 n 1Ž . Ž .
an2 k2 
 0. 3.14Ž .ž / 5R n 2k 2Ž .
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  Ž .4 Ž .Choose a positive sequence R n such that R* 1  1 andn1
bn
R* n 
max R* n 1 , R* n 1 1 n n ,Ž . Ž . Ž . Ž .0ž /bn1
R* nŽ .0 
R* n  n 1 n n .Ž . Ž . Ž . 0n  1Ž .0
 Ž .4 Ž .Then R* n is a regularly varying nondecreasing sequence. By 3.14 ,n1
 Ž .4  4b R* n is nonincreasing. Thus, b is regularly varying quasi-n n1 n n1
  monotone. With the help of 4, Lemma 2.2 , Ý b cos nx converges ton1 n
Ž .    4b 2G x on 0 x   . The above argument shows that b0 n n1
Ž . Ž . Ž .satisfies all required conditions in Theorem 1.1 ii . Hence, 3.12 , 3.13 ,
imply that
An	 l n An1 l nŽ . Ž .	 1b   o n l n   o n l n .Ž . Ž .Ž . Ž .n 2	 2  1Ž .
This implies that
1n A 2n 1 l 2n 1Ž . Ž . 1a  b   o 2n 1 l 2n 1 ,Ž . Ž .Ž .Ý 2 k 1 2 1 Ž .k1
1n A 2n l 2nŽ . Ž . 1a  b   o 2n l 2n .Ž . Ž .Ž .Ý 2 k1 0 2 1 Ž .k1
Adding up these two formulas, we conclude that
An1 l nŽ .
1 1a  b  b   o n l n .Ž .Ž .n 0 1 1 
Ž . Ž .Applying Lemma 2.3 to the case r 1 and p x  b  b , we get 1.2 .0 1
Ž . Ž . Ž . Ž . 1 Next, we assume 1.7 . Set F x  f x  2 sin x . Then F	 L  ,c
and
A 	
	1 F x  x l 1x  1 	 cos as x 0 ,Ž . Ž . Ž . Ž .
2	 2
where 	  1. Since f is even, F is odd and so the Fourier series of Fc
is a sine series. Set
2
b  F x sin nx dx n 0, 1, 2, . . . .Ž . Ž .Hn  0
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 n Ž .   Ž . We have a 
 0, so Ý a cos kx 1  f x for all n. Hence, then k1 k c
Lebesgue dominated convergence theorem implies
2
a  f x cos nx dx n
 1 ,Ž . Ž .Hn c 0
and consequently a  b  b for all n
 1. With the help of Eq.n n1 n1
Ž .    Ž .  2.8 in 4 , Ý b sin nx converges to F x on 0 x   . Following then1 n
Ž .rest of the preceding proof, we get 1.2 . This finishes the proof.
Proof of Theorem 1.3. Consider the sequence
 An l nŽ .
kif n 2 for some k
 1;a  2n  An l n otherwise.Ž .
Ž . Ž .Obviously, iii and v are true. By Lemma 2.1, there exists an O-regularly
 Ž .4   Ž . Ž .4varying nondecreasing sequence R n such that n l n R n isn1 n1
nonincreasing. Set b  a A andn n
R 1 if n 1,Ž .
R* n Ž . k k1 k½ R n 2 if 2  n 2 for some k
 1.Ž .
 Ž .4Then R* n is an O-regularly varying nondecreasing sequence andn1
 Ž .4b R* n is nonincreasing. The condition Re A 0 implies thatn n1
a bn n
  A 	 K  ,Ž .0½ 5 ½ 5R* n R* nŽ . Ž .
where  is the absolute value of the principal argument of the complex0
 4number A. Hence, a is an O-regularly varying quasimonotone se-n n1
Ž .quence. By Lemma 2.2, i follows. For 0  1, we have
  A
 k k kf x  a cos nx A n l n cos nx 2 l 2 cos 2 x .Ž . Ž . Ž .Ý Ý Ýn 2n1 n1 k1
Ž .  k Ž k .As proved in 2.3 , Ý 2 l 2   and sok1
 
k  k k k k 12 l 2 cos 2 x  2 l 2  o x l 1x .Ž . Ž . Ž .Ž .Ý Ý
k1 k1
  Ž .Combining this with 3, Theorem 4.3.2 yields 1.3 . Similarly, we can prove
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Ž . Ž .  that 1.4 , 1.5 are also true. By 6, Theorem 6 , we get
n n1 1
lim a  A lim k l kŽ .Ý Ýk1 1n l n n l nn nŽ . Ž .k1 k1
A 1




Ž . Ž . Ž . Ž . This is 1.8 and ii follows. As for iv , it follows from ii and 16,
   Theorem IX.3.19 . Consider the case 1  2. We have Ý a  .n1 n
Ž . Ž .Hence, iv* holds and the series defining g and f x convergec
   kŽ1. Ž k .  k  k  on  , . We have Ý 2 l 2  , sin 2 x  2 x , andk1
 k  k     Ž . cos 2 x 1  2 x . To replace 3, Theorem 4.3.2 by 3.10 and 3,
Proposition 4.3.1a , an argument similar to that above for f will lead us to
Ž .ii* . This completes the proof.
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